A STUDY OF o-VARIATION. I

BY
F. W. GEHRING

This paper is based on the notion of the higher variation of a function
introduced by N. Wiener [9] while studying the Fourier coefficients of a
function with bounded variation. L. C. Young applied this idea to derive a
new existence theorem for Stieltjes integration and later collaborated with
E. R. Love in publishing a number of papers on subjects related to this
concept. ’

PRELIMINARIES

1.1. Suppose that f(x) is a real- or complex-valued function defined over
a<x=b. For 0<a=1, we define the a-variation of f(x) over this interval as
the least upper bound of the sums

{ f:: | S = fas)

taken over all subdivisions a=x¢< - - - <xy=>, and we denote this upper
bound by

Volf(®);a S 2 b} or Vu{f(x); €I},

where I is the interval a <x <b. Similarly we define the 0-variation (or oscilla-
tion) of f(x) over this interval as the least upper bound of the difference
FitH) -f(x’)| for a <x’ <x'' =b, and we denote this upper bound by

Vo{f(x);a <z= b} or Vo{f(x); xEI}.

It is often convenient to consider the a-variation of a function over an in-
terval, I, which is open or half-open, and we can appropriately define the
symbol

Vaif(2); s € T}

for0<a=1.
Suppose that {x,,} is any set of real or complex numbers. For 0 <a =1,
we denote by

{ZIz e

the least upper bound of all sums
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{ |t + xnk_ll”a} ,
k

where {n:} is any appropriate finite sequence. When a=0, we let
a a
{Tlabd” aa {Z Tk}
n n

denote the least upper bounds for |x,| and |%m+ - - - +.| respectively.

1.2. For 0=a=1, we say that the function f(x) is in W, over the
interval 0=<x=<1 if f(x) has bounded a-variation over this interval; W, is
simply the class of bounded functions. The sum of two functions in W, is
also in W, since, by Minkowski's inequality,

Valf(#) + g(2); s €I} S Vol f(2); x €I} + Valg(a); x € 1.
Similarly, for 0Sa<fB =1, it follows from Jensen’s inequality that

Valf(a); x €I} < Va{f(x); x €T},

and hence a function in Wj is also inW,.
If, for 0=Sa =<1, f(x) has period 1 and is in the class Lip («), i.e. if for some
constant C

| f(&") = f(a") | < C(a"" — &)=

for each x’ <x'’, f(x) is obviously in W, and the a-variation of f(x) over any
interval of length 1 is less than C. The converse is not true since functions in
W4 need not be continuous. However we can prove the following result.

THEOREM 1.2.1. (Cf. [11, p. 455].) Suppose that 0<a =1, that f(x) is real
and continuous with period 1, and that the a-variation of f(x) over any interval

of length 1 is less than 1. There exists a continuous increasing function ¢(t) such
that ¢(t+1)=¢()+1 and such that

| r{e@n} = flet)} | < @ = )=
for each t' <t".

We can suppose that & >0 and that f(x) assumes its positive maximum at
x=0. Define the function y(x) so that {'y(x) } « is equal to the a-variation of
f(x) over the interval 0 £y =<x. y(x) is continuous, y(x+1) =v(x)+v(1), and
v(1) <1. For each x>0 we can select a subdivision 0=y,< - - - <yy=x+1
such that

N .
v+ 1) < 2| () = f(yamr) [V + e

n=1

If ¥, <1=9y,41, we see by periodicity that
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| f(ynr1) = f(ya) [H= < | fynrr) — FQ) [V + ] 7(1) = f(ya) |He,

and hence that y(x+41) <y(x) +v(1) +e For x>0 we conclude that y(x+1)
=v(x)+v(1) and we extend v(x) so this holds for all x.

Let 6(x) =v(x) +x{1—y(1) } 0(x) is continuous and increasing for all x;
let ¢(¢) be the inverse function. Then ¢(¢+1) =¢(¢)+1 and

| f{e@n} — flo@)} [V = v{o()} — v{6()} < 6{e@)} — 0{a(?)}

for each # <t’. This completes the proof.
We also have the following

THEOREM 1.2.2. Suppose that 0=a =<1 and that f(x) is in W,. Then
Volf(); 2 Sy S o+ k) = 0(h)
almost everywhere, and similarly on the left.
Assume that >0 and let E; be the set of points in 0 =x<1 for which
lin;soup eValf(y);x Sy S a+ b} >k
For each x in E; and each €>0 there exists an interval, I(x)=x<y=<x-+h,
such that
Valf(3)i 2 S y S 2+ b} 2 khe

and such that A <e. By Vitali’'s covering theorem there exists a sequence,
{I(x,) }, of nonoverlapping intervals which cover almost all of E; and

{outer meas E;}e < { i | 1(x.) I} )

nw=l

1 (e -
< { Z V.l y € 1Ga}vef

n=1

1
§7~Va{f(x);0 sz =1},

The set of points in 0 £x <1 for which
Velf(0)iz <y < o+ b} = 0(h9)
is contained in E; for each k and must have zero measure.
CoroLLARY 1.2.3. Suppose that 0 Sa =1 and that f(x) is in We. Then
| f(= + #) = f(%) | = O(h®)
almost everywhere, and similarly on the left.

Hence a function in W, satisfies a Lip (@) condition almost everywhere
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but of course not uniformly.
1.3. We need the following lemma in order to study the relation between
W, and the Hardy-Littlewood integrated Lipschitz classes [4, p. 612].

LEMMA 1.3.1. Suppose that 0=a =1, that f(x) is a real-valued function
with period 1, and that the a-variation of f(x) over any interval of length 1 does not
exceed 1. Then the a-variation of f(x) over any interval of length k does not exceed
k= for each positive integer k.

We need only show for 0 <a =1 that
1.3.2 Velf(2);0 £ 2 < R} < ko

Pick a subdivision ¢, 0 =x¢< - - - <xy =k, so that the left-hand side of 1.3.2
is majorized by

{glAfl”“}a+e =S+ e

We can assume that o contains two points, ¢ and d, where d=c+1 and
where f(d) =f(¢) = Max, f(x.) for adding such points to ¢ does not decrease S.
(Cf. proof for 1.2.1.) We have

S = Z IAfIl/a+ Z lAf|1/a+ Z lAf‘l/a

aN[0,c] oN[ec,d] oN[d, k]
=S1+ 524+ Ss.

S is majorized by 1, {S;+Ss} « is majorized by the a-variation of f(x) over
0<x=<k-—1, and 1.3.2 follows by induction.

TrEOREM 1.3.3. (Cf. [10, p. 259].) Suppose that 0<a =<1 and that f(x) is a
measurable real-valued function with period 1. If the a-variation of f(x) over
any interval of length 1 never exceeds 1, then

{fol | f(x + &) — () luadx} " < pe

for every h>0.
Assume that >0 and let h=m/n, where m and # are relatively prime
positive integers. Then

1l/a

dx

vin

5(=+2) - 1

1) = [ 5=+ B = fo) 1oz = 3
0

y=1v (v—1)/n

and, because f(x) has period 1, this last sum is equal to

LRI+ -5

1l ' 1/n
}dx =< mdx = h.
0
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Hence the theorem is true for rational k. Since f(x) is bounded, I(%) is con-
tinuous and the theorem holds for all &.

CoOROLLARY 1.3.4. Suppose that 0 <a =1 and that f(x) is a measurable real-
valued function with period 1. Then

{fl | f(x + B) — f(x) I”"dx}a < 29V {f(x); 0 < x < 1} ke

for every h>0.

This follows from 1.3.3 since the a-variation of f(x) over any interval of
length 1 is majorized by

{(Vl/(); 0 = & < 1} + Vo{(2); 0 < & < 1} Voo,

If f(x)=e?** and a=1/2, the a-variation of f(x) over any interval of
length 2 exceeds 2= times the a-variation of f(x) over any interval of length 1.
Since 1.2.1 implies 1.3.1 when f(x) is continuous, the restriction that f(x) be
real is essential in both of these results. The same is true for 1.3.3.

From 1.3.4 it is obvious that any measurable function with bounded
a-variation over some interval, a Sx=<b, is in the Hardy-Littlewood class
Lip («, 1/a) over that interval. The converse is not true. Hardy and Little-
wood [4, p. 621] point out that if

f(x) = log——l—: x # 0,
| | =]
then, for >0,
{15+ - @ i " =00, 0<a<t

while f(x) is not even bounded in the neighborhood of x=0.
1.4. The following lemma generalizes a familiar theorem on uniform
continuity.

LeEMMA 1.4.1. Suppose that 0=<a =1, that f(x) has bounded a-variation over
0=<x=1, and that f(x) is continuous in this interval. For €¢>0 there exists a
6>0 such that, for 0=xo<xo+06=1, we have

V,{f(x); x < x = xo+6} <e

When 0<a =1, 1.4.1 is an immediate consequence of the following ele-
mentary result.

LeEMMA 1.4.2. Suppose that 0<a =< 1 and that f(x) has bounded a-variation
in some right-handed neighborhood of the point x =xo. Then

Velf(x); 20 < 2 < %0+ k} = o(1)
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as h approaches 0. A similar result holds on the left.

It follows from 1.4.2 that any function, with bounded a-variation over
an open interval, has right- and left-handed limits at each point of the interval.

For 0=a =1, we say that f(x) is in V, over the interval 0 =x =1 if, given
€>0, there exists a >0 such that, for any set of disjoint intervals 0=x,
<y = -+ Sav<ynv=1 for which

N a
{Zlon - mlwef <

n=1
we have

{ f: | 7(3a) = f(@a) |”“} "<

o=l

Vo is the class of functions continuous over 0=<x=1 and V; is the class of
functions absolutely continuous over this interval.
The method of proof used in 1.2.2 gives us the following result.

THEOREM 1.4.3. Suppose that 0 =a=1 and that f(x) is in Va. Then
Valf():i2 Sy S o+ b} = o(h?)
almost everywhere, and similarly on the left.

THEOREM 1.4.4 [6]. Suppose that 0<a =<1 and that f(x) is measurable and
has period 1. f(x) is in V4 if and only if

Va{f(x + b) — f(2); 0 < x < 1} = o(1)
as h approaches 0.

We see that the class W, includes V, and, for 0 <a <1, it is not difficult
to show that the continuous function
o0
f(x) = D 27"« cos 2™rx
n=0
is in W,— V.. Hence a continuous function with bounded a-variation over
0=x=1 is not necessarily in V,. However, we can prove, for 0=« =1, that
any continuous function in W, which possesses a finite derivative everywhere
in 0 <x =<1, except perhaps on an enumerable set, is in V, [2, Theorem 2.6].
1.5. Suppose that f(x) and g(x) are defined over the interval 0=x=<1
and that g(x) has at most discontinuities of the 1st kind. The Stieltjes integral

1
1.5.1 f f(2)dg(x)

exists in the Young sense and is equal to I if, for €>0, there exists a finite set
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E, contained in 0 £x =1, such that, for any subdivision 0 =x,< - - - <xy=1
which contains E, we have

N N—1

2 f&) {g(®n — 0) = g(%a—1 4+ 0)} + 2 f(2n) {g(a + 0) — g(2n — 0)}

n=1 na=1

+ f(0){g(0+) — g(0)} + f(){g(1) — g1 — O} —I|<e

for each set 2o <, <x;< - - - <xy_1<iy<xwy. L. C. Young [12] has proved
the following

THEOREM 1.5.2. Suppose that a+B>1 and that f(x) and g(x) belong to W,
and Wy respectively. If f(x) and g(x) have no common discontinuities, 1.5.1
exists in the Riemann-Stieltjes sense. In any case, 1.5.1 exists in the Young
sense.

This theorem is not true in the limiting case when a+8=1. The following
result is also an immediate consequence of Young's work.

THEOREM 1.5.3. Suppose that a+B>1 and that f(x) is continuous and in
Wa. Suppose also that {g,,(x)} is a sequence of uniformly bounded functions
with uniformly bounded B-variation over 0 =x=<1 which converges to g(x), a
Junction in W, on a set which includes the points x=0 and x=1 and which is
dense in 0=x=1. Then

1 1
fim [ f(x)dga(x) = f f(2)dg(),

fn— 0

tim [ g (2)af(s) = [ swar.

n—oo

MOMENT PROBLEMS

2.1. In this chapter we study W.,, the class of functions with bounded
a-variation over the interval 0=x=<1, by considering a moment problem.
Suppose that g(x) is any function in W, for 0 <a<1. We call the numbers

1
u,.=f xndg(x), n=201,---,
0
the Stieltjes moments of g(x) and we say that g(x) is normalized if
1
g(x)=-2-{g(x+0)+g(x-—0)} foro<ax<1.

A uniqueness theorem follows from a known result [8, p. 60] after integration
by parts.
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THEOREM 2.1.1. Suppose that 0 <a =<1, that g(x) is normalized and in Wa,
and that

fl andg(x) = 0

for n=0,1, - - .. Then g(x) is identically constant in 0=<x=1.

For an arbitrary sequence of numbers, {u,}, we define a linear functional
over the space of polynomials by letting

N N
p{P} = n{ > dnx"} = 2 Gnftn.
n=0 n=0

Following Hausdorff we define, for k=0, 1, - - -and =0,1, - - - , &,

Aen(x) = C:—nxn(l — x)k_n and Aea = p{lea(®)},
where C} is the binomial coefficient
r+s 'r+s+1)
( >= TG+ DIG+ 1)

THEOREM 2.1.2. Suppose that 0 <a=<1. A necessary and sufficient condition
that the set of numbers {,u,,.} be the Stieltjes moments of a normalized function
g(x) in W., where Vo{g(x); 0Sx<1} <1, is that

(SISl st

n=0

r

for all k.

Hausdorff [5] has proved this theorem for the case where a=1.
2.2. In order to prove the sufficiency we derive two simple results.

LEmMA 2.2.1. If {u.} is an arbitrary sequence of numbers, then
E /n\™ 1
— 1A n = lm 0 J—
2( k) o = b ( k)

Suppose that f(x) is any function defined over the interval 0 =x=<1 and
consider

form=0,1, - -,

Bulf; #} = Zf(%) Nen(2),

n=0

the Bernstein polynomial of order %k for f(x). If Pn(x) is a polynomial of
degree m,
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Qm r(x)

Bi{ Pm; £} = Pu(2) + E

where the polynomials Qn,(x) do not depend on k and are identically zero
when P, (x) is a constant [7, p. 8]. Setting Pn(x) =x™, we have

i(%)m)""" = u{Bifam™; 2}} = pm + '"z—:l {Qm.}

n=0 =1

and 2.2.1 follows.

LeMMA 2.2.2. Suppose that 0 <a =1, that { g(%) } is a sequence of uniformly
bounded functions, and that

lim inf V.{gi(x); 0 S s <1} =1
k—o

There exists a function g(x) such that
Vafg(#);0< 2 <1} =1,

and a subsequence {k,-} such that gi;(x)—g(x) for every rational x in 0Sx=1,
including the end points x=0 and x=1.

We can use the selection principle (or diagonal process) to define g(x) on
the rationals. If, for irrational x, we let

g(x) = lim sup g(r), r rational,

then g(x) satisfies the conditions of the lemma.
To prove the sufficiency part of 2.1.2, consider the step function gi(x)
where g:(0) =0 and

n <x§n+l
k+1 +

_;
—

gr(x) = Z Nk.» for
r=0

Since
ng(x)l S Velg(2);0 < 2 =< 1} =<1
there exists a function g*(x) such that
Vel{g*(x); 0 S s S 1} =1,

and a subsequence {k,-} such that g (x)—g*(x) for each rational x in
0=<x=1.Let

g(0) = g*(0),  g(1) = g*(1),

2.2.3 1
g(x)=-é-{g*(x+0)+g*(x—0)} for0<z<1.
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The function g(x) is normalized and, from 1.5.3 and 2.2.1, we conclude that

> ()"
» = lim — ) Men
K k- n—0<k + 1) *

1
= lim xmdgi(x)
k—w 0

—._-Ll x™dg*(x) =flx"'dg(x).

0

2.3. In order to prove the necessity we require a number of lemmas.
We say that a real function f(x) is unimax in the interval a £x <5 if, for
a<c<x<d=b, f(x) =Min {f(c), f(d)}.

LEMMA 2.3.1. Suppose that 0=<a=<1 and that Xo= D X anmXn for n
=1, .- -, N, where a,.m is a non-negative unimax function of m for each n,
and where Zﬁ’., @n,m=1 for each m. Then

N a M ]
{Srxid s {S1z e
n=1 me=1

We consider 2.3.1 in a slightly different form.

LeEMMA 2.3.2. Suppose that 0Sa=1 and that Xpn= D 2., Gnmxm for

n=1, ..., N, where @, m is a non-negative integer and is unimax as a func-
tion of m for each n, and where D, an.m=R for each m. Then

N a M ]
{Zlxbg s 2 i Dby
n=1 m=1
LeEMMA 2.3.3. With the hypotheses of 2.3.2 we can write

R R M
X” = Z y”»' = Z{ E an.m.rxm} )
re=1 r=1 \ m=1

where Qy m,r 15 either 0 or 1 and s unimax in m for each n and r, and where
Zﬁ_l Qnmr=1 for each m and r.

Now 2.3.3 is true when R=1. Suppose it true for R=k—1 and consider
the case where R=k.
A. There exists n; such that a,121. Let m; be the largest m for which
@y,m=1 and define
{1 for1 = m = m,,
Qny,m,1 =

0 everywhere else.

It is not difficult to see that @,,,m—@n,,m,1 is 2 non-negative integer and is
unimax as a function of m. ’
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B. If m; <M, there exists n,7n; such that @,,,m; <@n,,m+1. Let ms be the
largest m for which a@,,,»=1 and define

Apo,m,1 =

2

{1 formy < m =< m.,

0 everywhere else.

Again @,,,m—@n,m,1 1s a non-negative integer and is unimax in m.

C. If my<M, we can find n37n,, n; such that @,;,my <@ngme+1, and we can
define m3 and the set {a,.,,,,.,l} for m=1, - - -, M. After a finite number of
steps we arrive at the place where m;= M. We shall have defined a sequence
of distinct integers, 71, 7, -+ + +, nj, and a set of coefficients, {a,.,,,.,l}, for
n=ny, +--,n; and m=1, - - -, M. Let @nm1=0 for nsny, - - -, n; and
m=1, , M.

The set {a”,m,l} satisfies the conditions in 2.3.3, the set {a,,,m—a,.,m,l}
satisfies the hypotheses of 2.3.2 with R=k—1, and 2.3.3 follows by applying
the induction hypothesis to

M
= Z {@n,m — an.m.l}xm-
m=1

For a fixed 7, consider the set {y,.,,}. Since each element here is simply the
sum of consecutive x,, we see from 2.3.3 and Minkowski's inequality that

N a N R 1/a)y «
{Sixed = {325}
n=1 n=1| r=1

IIA

(£
R{flzxml”“}a-

m=1

IIA

Now 2.3.2 implies 2.3.1 when all the a,,» are rational and SN Gum
=cn=1. A simple limiting process removes the restriction that the a,,» be
rational. When 0=<¢, <1, we can apply our results to the set of linear forms

M
Za,.,,,.x,,., n=1-.-, N,
m=1
(I—Gm)xm, m:l’-..’M,

and show that
N M
{S1x+ 210 = i s {3 oo}’
n=1 m=1

This completes the proof for 2.3.1. We can assume that no x, is zero. Hence
when a >0, we get strict inequality if, for any m, ¢, <1.
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LemMmA 2.3.4. Suppose that k=0, 1, - - -, and that 0Em=n=<k. The func-
tion f(x) = D" Meu(%) 45 unimax in 0<x=<1.

We can assume that 2=1 and 2.3.4 follows immediately from the identity

d - kk;,_l,,,(x), n = 0,

2.3.5 d—)\k,,.(x) = k{)\k_l,,._l(x) - )\k_l,,.(x)}, 0<n<k,
X

k)\k_l_,,_l(x), n =k

To complete the proof for 2.1.2, fix & and consider any finite sequence
O0=po< -+ <wy=k+1.If

0, = E Me,» and  6,(x) = Z Ae, (%),

V1= v<ry V1= 7<vp

then
Gn - an X, d X,

and this integral exists in the Riemann-Stieltjes sense for each #n. For each
subdivision 0=y, < -+ - <yy=1,let

Xn = Z on(ym){g(ym) - g(ym—l)}'

ma=1

0,.(ym) is a non-negative unimax function of m and
N ®
Z on(ym) = Z xk.v(ym) =1,
n=1 y==(

Applying 2.3.1 we get

{ il Xn|1/,,} * < {él 2= g(ym) = g(ym-r) |1/a}

n=1

which completes the argument.
2.4. We have discussed the Stieltjes moments of a function g(x), i.e. the
sequence {u,} where

1
u,.=f xrdg(x), n=20,1-..-.
0
We can also consider the moment sequence]
1
Bn =f xrg(x)dx, n=01,---,
[1] .

where the integral is interpreted in the Lebesgue sense. We call such a se-
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quence of numbers the Lebesgue moments of g(x) and we have the following

THEOREM 2.4.1. Suppose that 0 <a=1. A necessary and sufficient condition
that the set of numbers {/.c,.} be the Lebesgue moments of a normalized function
g(x) in Wa, where

Valg(#); 0= 251} S 1,
is that

k a
(k + 1) { ZI Z xlt:.'n - kk.n—l Illa} é 1

ne=l
for all k.
The necessity follows immediately from 2.1.2 since, with the help of 2.3.5,

we can write

(k4 D) {New — Meas} = f (B 4 1) {Nen(®) — Mpnea(2) } g(2)d2

- f Neer.n(2)dg()

for 0<n=k.
For the sufficiency, observe that

1]
2.4.2 [ po = (B4 DXk | S 20| Mk — M| S 1
n=0

for 0=m=k. Consider the step function gi(x) where g.(0) =(k+1)A\z,0 and
1
i <zx= 5t .
E+1 E+1
From 2.4.2 and 2.2.2 it follows that there exists a function g*(x) such that
Va{g*(#);0s 2 =1} =1,

gu(x) = (B 4+ Dhin for

and a subsequence {%;} such that gi;(x)—g*(x) for each rational xin0=x =<1.
Define g(x) as in 2.2.3. From 1.5.3, 2.2.1, and 2.4.2 we can conclude that

» = lim — ) Nk
= e n-o(k"l'l) *

1
= lim xmgr(x)dx
E—o0 0

1 1
= mg*(x)dx = mg(x)dx.
j;xg(x)x foxg(x)x
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2.5. Turning back to 2.3.1, we deduce two alternative forms for this in-
equality which are useful in later work.

LEMMA 2.5.1. Suppose that 0Sa <1 and that Vo= 2 X_, bpm(¥m—%0) for
n=0, - - -, N, where b, is non-negative for all m and n, where Y 2_, bp.m is
nondecreasing in n and bounded by 1, and where, for each 0Sn'<n''<N,

burrm—burm 15 at first nonpositive and then non-negative as m increases from
1t0 M. Then

{élZYn— Y»—ll”"‘}aé {élzym—ym-d”“}a

LeEMMA 2.5.2. Suppose that 0<a=<1 and that Vo= D % o bumYm for n
=0, - - -, N, where b, n is non-negative for all m and n, where Y %_, bnm=1,
and where, for each 0=n’ <n'' N, bprt.m—bur,m ts at first nonpositive and then
non-negative as m increases from 0 to M. Then

(Z1Zv - vl s {25 5 - yualie}

n=1 m=1

For 2.5.1, let *m=9m—3ym- and pick any sequence of integers, 0 =%,
< - <ky=N.If

M
Xn="VY¢ — Vi, , = 3 Qn,m%my

m=1
then
M
a"-m = Z {bkn-“ - bkn—l'“}'
p=m
The difference @, ,my1—Gpnm= — {bk,,,,,.—-bk,,_,,,,,} is at first non-negative and

then nonpositive as m increases; hence @,,, is unimax in m. We see that
M M
Qn,1 = E bkpm — Z bkpym 2 0,
m=1 m=1

Gn, M = biyr — biy_,m = 0,

and the unimax property ensures that a,,» is non-negative for all m and n.
Finally

N’ M
E Cn,m = E {bN.n - bo.n} =1,
na==1 B=m

and we can apply 2.3.1.
For 2.5.2 observe that the set {bn,m}, forn=0,.--, Nand m=0, - - -,
M, satisfies the hypotheses of 2.5.1. Since the sums
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M M
Z bn.m()’m - yo) a'nd E bn,mym
m=0 m=0

differ by a constant which is independent of #, the conclusion follows im-
mediately.
From 2.5.2 we can deduce the following result concerning Bernstein poly-

nomials.
=i(3) )T

THEOREM 2.5.3. If 0<a =1,
Let 0<xy< : - - <%y <1 be any subdivision of the interval 0 <x <1. We
see that

k

Vol Bi{fi 2};0 s 2 <1} < {Z

m=1

Bulf; 1) = Zf(%) Neom ()

m=0

where \i,m(%,) is non-negative for all m and #, and where D_%_o M.m(%,) =1.
For 0=n’'<n’"=N,

Znr \™ 1 — Xpr k—m
Ak:m(xn") - xk,m(xn’) = xk,m(xn") {1 - ) ) } .
X 1 — a0

Since 0 <x, <x, <1, the bracketed quantity is negative for m =0, positive
for m =k, and strictly increasing in m. Applying 2.5.2 completes the proof.

In conclusion we add that 2.3.1, 2.5.1, and 2.5.2 are valid when M and/or
N=o.

A FALTUNG THEOREM

3.1. In one of his papers [11], L. C. Young considered a Stieltjes Faltung
of the form

314 s(%) = f 1, )dg(3).
0

We present here a theorem suggested by Young's results.

Suppose that f(x, ¥) and g(y) have period 1 in ¥ and define F(x, y) as the
integral [3f(x, y+£)g(t)dt which we assume exists in the Lebesgue sense for all
0=x, y=1. Let

2+{F(x, 0) — F(z, 2~}

2 [ gt gt — g0 = 29}

sa(%)
3.1.2

for n=0, 1, - - - . Then so(x) =0 and the following is easily verified.
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LeMMA 3.1.3. Suppose that g(y) is continuous and that the integral 3.1.1
exists in the Riemann-Stieltjes sense for x =x,. Then s(xo) =lim, ., $.(%0) and,

for n=1, we have
1

M@—&J@=T“L{ﬂmﬁ—ﬂ%H4ﬂﬁhm—ﬂhﬂﬂwh

Our principal result is as follows.

THEOREM 3.2. (Cf. [11, Theorem 6.1].) Suppose that 0<a, B, Y<1, 0<\
=B4+v—1, and u=aN/B. Suppose also that f(x, y) and g(y) have period 1 in vy,
that g(y) is continuous, and that

3.2.1 Velf(x,9);0<x<1} <4 for each y,
3.2.2 V,g{f(x, ¥);0=y = 1} <B for each «x,
3.2.3 V.{g(»;0sy=s1}scC

If s(x) is the Stieltjes Faltung 3.1.1, then

3.2.4 Vu{s(x); 0 < x < 1} < k(\)AMBBI-MEC,

where k(N) is a finite constant.

If B=0 and/or C=0, s(x)=0 and 3.2.4 follows immediately. Hence we
can assume that B=C=1.

Obviously we can suppose that f(x, y) and g(y) are real. By an argument
similar to that used in 1.2.1, we can find a strictly increasing continuous
function ¢(¢) such that

¢(0) =0 and ¢(t+1) =¢(f) +1
for all ¢, and such that
| efot} — et} | < 20" — #)e

for each ¢/ <t’. Furthermore, for each 0<x=1,
Velf(x, 6(1);0 St < 1} = Va{f(x, 9); 0 = y = 1},

LfMMM@MM=wawM%

and, by performing a change of variable, we replace condition 3.2.3 by the
condition

3.2.5 | ey — g(y) | < 2(y" = 9=

for each y' <y".

Since g(y) is continuous and 8++v>1, the Faltung s(x) exists in the Rie-
mann-Stieltjes sense for each x and is equal to lim,_, s.(x). Using 3.1.3, 3.2.5,
Jensen’s inequality, 3.2.2, and 1.3.4 we have
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| $a(2) = saa(@) | < 2”“fo |z t 427" — f(=, || g(t) — gt — 277 | dt

1 B
< 200 { f | f(m t+ 27" — f(=, 0) l“ﬂdt}
0
= 23'2_”)‘)

and summing on 7 we get

3.2.6 | s(x) — sa(2) | < 26 3 27 = ¢(A)2~™
y=n+1
for n=0, 1, - - - . Fix » and consider 0<x'<x’"<1. From 3.1.2, 3.2.5, and

Jensen’s inequality we have

[ sa(2") = sa(2) | = 2"fo [ 7" ) — J(', ) || 8()) — gt — 27m) | s

< 270-M.2A

3.2.7

where

A= { f S ) = 1 ll/adt} "

By considering three different cases we prove that
3.2.8 | s(z) — s(&') | < k(\)Awle,

where k(M) is a finite constant.
A. Suppose that 1 <A< x. Setting #=0 in 3.2.6 gives us 3.2.8 if we
choose 2(\) =2¢(N).
B. Suppose that 0 <A=<1. Choose #=1 so that 2-"#<A<2-(»D8 and
with 3.2.6 we have
| s(x) — sn(x) | < c(N)Awla
for 0=x=1. From 3.2.7 we get
[ sn(2') — s,,(x’)l =< 4Asle,
and 3.2.8 follows if we choose B(\) =2(\) +4.
C. Suppose that A =0. We see from 3.1.3 and 3.2.7 that

[ s(#) = s(a) | = lim | sa(s") = sa(a)| = 0,

and 3.2.8 follows if we choose k(\) =0.
To complete the proof for 3.2, take any subdivision 0=x,< - - - <xy=1.
From 3.2.8 we have
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{1t = st} "5 100 { [ 2 o ) = st ) e

n=1 n=1

IIA

E(N)AME,

The proof introduces unnecessary restrictions. For example, Young’s argu-
ment [11, p. 459] allows us to consider the case where g(y) is not con-
tinuous. We conclude this chapter by simply stating the following generaliza-
tion of 3.2.

THEOREM 3.3. Suppose that 0<a, B, vy=1, 0<A=B+v—1, and u=a\/B.
Suppose also that 3.2.1, 3.2.2, and 3.2.3 hold. If s(x) is the Stieltjes Faltung
3.1.1, then

Vil{s(x) — 8f(x,0);0 < x < 1} < E(\)AMEBIMEC,
where 6=g(1) —g(0) and k(\) is a finite constant.

APPLICATIONS TO INFINITE SERIES

4.1. In this chapter we apply the notion of a-variation to the study of
infinite series. We say that the series

4.1.1 D aa

n=0

is a-convergent if, given ¢>0, there exists N(e) such that

(Brzer

for N(e) =m <n. 0-convergence is ordinary convergence and 1-convergence is
absolute convergence. If 0Sa<fB=1, we have by Jensen’s inequality

n a n B
{ZIZ el s {E1 0l
y=m y=m

and thus a B-convergent series is always a-convergent.

We can extend the notion of a-convergence to sequences. We call {S,} an
a-convergent sequence if S, is the #th partial sum of an a-convergent series.
From Minkowski’s inequality we see that any finite linear combination of
a-convergent series (sequences) is itself an a-convergent series (sequence).
We also have the following result.

LEMMA 4.1.2. (Cf. Lemma 1.4.2.) Suppose that 0 <a=1. The series 4.1.1
s a-convergent if and only if

BPENCSS
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The same type of resull is true for sequences.

Any series derived from a 1-convergent series by a rearrangement of
terms is convergent to the sum of the original series. However, when a <1,
an a-convergent series is “conditionally convergent” and little can be said
about rearrangement.

A second important property of 1-convergent series is found in multipli-
cation theorems. For example it is well known that the Cauchy product of a
1-convergent series by a 0-convergent series is 0-convergent to the product
of the sums of the series. We have the following extension of this result.

THEOREM 4.1.3. Suppose that 0 <o, =1, and that 0 <y=a-+p—1. Then the
Cauchy product of an a-convergent series by a 3-convergent series is y-convergent
to the product of the sums.

This theorem follows easily from the following specialization of 3.3.

THEOREM 4.1.4. Suppose that 0<c, B=1, and that 0 <y=a+L—1. If f(x)
-has bounded a-variation over 0 Zx < « and if g(x) has bounded 3-variation over
0=x< o, then the Stieltjes Faltung

s@ = [ “fx — y)dg()

exists in the Young sense for each x and has bounded vy-variation over 0 Sx < co.

Theorem 4.1.3 holds in the limiting case where a+f8=1 if and only if
a=0 or 1; 4.1.3 is also true when one considers the more general Dirichlet
product [3, p. 239] instead of the Cauchy product.

4.2. We can apply our scale to the study of Cesaro and Abel summability.
Suppose that SE is the nth Cesaro mean of order % for the series 4.1.1. We say
that 4.1.1 is summable (C, k; ) to S if the sequence {Sf,} is a-convergent to
S. Thus (C, k; 0) summability is ordinary Cesaro summability and (C, k; 1)
summability is absolute Cesaro summability. Consider the function

f(x) = ; a,x"

and assume that this series converges for 0=x<1. We say that 4.1.1 is
summable (4; @) to S if f(x) has bounded a-variation over 0 =x <1 and if
lim,.1 f(x) =S. (4; 0) summability is ordinary Abel summability and (4; 1)
summability is absolute Abel summability. (See [1, p. 11] for references on
absolute summability.) A linear combination of series, summable (C, &; «)
for some £ and 0 S« =1, is itself a series summable (C, k; &) and similarly for
the (4 ; @) method.

When 0 =a <=1, a series summable (C, k; 3) to S is summable (C, &; a)
to S and a series summable (4; 3) to some limit is summable (4; a) to the
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same limit. We can also establish the following consistency result.

THEOREM 4.2.1. Suppose that 0=a =1 and that k>j> —1. A series sum-
mable (C, j; a) to S is summable (C, k; a) and (4; ) to S. If S, and St are the
nth Cesaro means of order j and k respectively for 4.1.1, we have

4.2.2 {ZIZS:-—S:_IIW} {ZlZsZ—SZ_,F/“}a,
n=1

n=1

IA

4.2.3 V.,{ 2 .00 xS 1} = {ZI > s - Sf—lll/a} .
n=1

n=0
For the first of these inequalities let k—j=7>0 and write
-1 ]
L Cn—mcm j hd ]
Sn=3 Sm =3 bamSmi

m=0 Cy’f m=0

where Cj is the binomial coefficient
r+ s
(7))
ba.m is non-negative for all m and » and
X bum = éﬂécﬁ:‘m Y
When 0=’ <n’ < o,
w—-m+i—1).--- (' —m+1)
' —-m)y - (n —m+1)
. n' (w4 1) _1}
w' + k- +E+1)

for 0=m=n’. If 0<i<1, the bracketed quantity is negative for 0<m <n’
and, since b,’,,,»=0 for m>n’, we can apply 2.5.2.
For any subdivision 0 <xy< - - - <xy<1 let

bn",m - bn',m = bn',m{

L

> am(z)" = 2 Cn(1 = %) (2)"Sm = 3 bumS.

m=0 m=0 m=0

Again b, is non-negative for all m and »,

0

> bam = (1 — 2™ 3 Ch()" = 1,

m=0 m=0

and, for 0=#n’<n”’ <N,

k+1
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X \™ 1 — X k+1
bn",m - bn'.m = bn'.m -1,
Xp? 1 — %,

The bracketed factor here is an increasing function of m and 4.2.3 follows
from 2.5.2.

The rest of the theorem follows from these two inequalities and a classical
result.

4.3. The direct converse of 4.2.1 is not true. The coefficients in the power
series expansion for

f(x) = el/(1+2)

constitute a series which is summable (4; 1) but which is not summable
(C, k; 0) for any finite k. However, we can prove some “corrected converses”
and the following theorems extend two results due to A. Tauber.

LEMMA 4.3.1. 1. a,= 2 %24 (1= (1 —1/n)™)/m is a positive, increasing se-
quence bounded by 1 for n=2.

2. Bo=(1=({1—1/n)")/n is a positive, decreasing sequence bounded by 1
fornz=1.

3. Yn= D omnr1 (1=1/n)")/m is a positive, increasing sequence bounded
by 1 for n=1.

Consider the first sequence. If r>1, x*—y*>ry—(x—y) for any two
positive and unequal x and y. Hence for n =2 we have

”E‘f 1-1mr-(1A-1/(n+ 1))"‘+ 1-01-1/(n+ )"

Optl — Qp =
m=1 m n
1 n2 1 m 11— =1/(n+ 1)
=z - — 1 -
T nm+1) ,,,go( n+1> + n

v

S

For the boundedness we see that

1l (1= 1/m)m  n—1
o = D ( /)én <1,
me=1 m n

The proofs of 4.3.1.2 and 4.3.1.3 follow along similar lines.
We can now generalize Tauber’s first theorem.

THEOREM 4.3.2. Suppose that 0=a =1 and that 4.1.1 is summable (4; o)
to S. If the sequence {na,} is a-convergent to 0, 4.1.1 is a-convergent to S.

We can assume that 0 <a=1. For 0=x<1 let
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) = 3 anam

m=0

and let S, be the nth partial sum for 4.1.1, i.e.
S = 2 a,
»=0

For n=2 we can write

n

1
Sn—f<1—'_')=A'n+Bn—Cm

where

11— (1—1/mm

A, = Z (mam) = i an,m(mam)v

P— m=]
Bn = M (na") = ﬁu(nan))
n
©  (1—1/m)m <
com > L) = ().
me=n+1 me=]

Qpn,m and v, are non-negative for all m and # and, by 4.3.1, both X o_, otaim
and D j_, vn..m are increasing in # and bounded by 1. These two sets of co-
efficients satisfy the hypotheses of 2.5.1. Hence

{Zl ZA,. —An—-lll/a} and {El ZC“ —_ C”_lllla}a
n=3 o
are majorized by
(1 Zem - e
me=1

and {4,.} and {C.} are a-convergent sequences. The sequence {B,} is also
a-convergent since {8,} is 1-convergent to 0. Because 4.1.1 is (4; &) sum-
mable, the sequence {f(1—1/x) } is a-convergent, and we conclude that {S,,}
is a-convergent to S.

THEOREM 4.3.3. Suppose that 0 =a =<1 and that the series 4.1.1 is summable
(4; a) to S. 4.1.1 is a-convergent to S if and only if the sequence

{ax+~-+nan}
n

is a-convergent to 0.
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For the necessity let S, be the nth Cesaro mean of order 1 for 4.1.1 and

we see from 4.2.1 that the sequence
ar+ - -+ na,

n

Sy — Sny =

is a-convergent to 0.
For the sufficiency set by=0 and let

ﬁ:bm=a1+~--+nan
m=0

n
for n21. If a,=b,+c, for all n, then

ai+ -+ (n— 1a,a
n(n — 1)

Cp =

for n=2. Y 2o anis (4; a) summable to S, D ., b is a-convergent to 0,
and hence the series D .o ¢, is also (4; a) summable to S. By 4.3.2 we see
that this series is then a-convergent to S and this completes the proof.

We saw in 4.3.2 how the Tauberian condition

{na,} is a-convergent to 0

allowed us to pass from summability (4; &) to summability (C, 0; ) or a-
convergence. Actually more is true and we have the following result.

THEOREM 4.3.4. Suppose that 0 =a =1 and that 4.1.1 is a-convergent. If the
sequence {na,.} is a-convergent to 0, 4.1.1 is summable (C, k; a) to its sum for
every B> —1.

Pick >0. Let S and S)~! be the nth Cesaro means of order é and §—1
respectively for 4.1.1, and let T? be the nth Cesaro mean of order & for the
series whose nth partial sum is #a,. From the identity (n+8)CiZ1—8C]_,
=pC~! we see that

By 4.2.1, {S%} and {T}} are a-convergent to .S and 0 respectively and thus
{S57'} is a-convergent to S.
In conclusion we construct, for 0 <« <1, a series which is summable
(C, k; @) for every k> —1 and which is not summable (4; ) for any f>a.
Let {b:} be any positive decreasing sequence of numbers which approach
zero such that

© a 0 B8
{Zbi’“} < ® and {Zb},’”} -

k=1 k=1
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for each B>a. Define a sequence of integers, 1 =n,<#;< - - -, and a set of
positive numbers, {ck }, such that

1 1
Z — = 2%by, = cx Z -
nk_l§n<nk n nk_1§n<nk n
for k=1,2, - - - . Set ap=0 and a,= ((—1)*/n)27*c; for nr_y =n <n,. Then
0 0 P
{Z1zar} - {5}
n=ng j=k+1

for each 0=<p =1, and the series is a-convergent but not §-convergent for any
B>a. Since

Zlnan—— (n — l)a,,l =2 27k < 2,

n=1 k=1

the sequence { na,.} is 1-convergent to 0, and we see from 4.3.2 and 4.3.4
that this series has the desired properties.
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